Abstract-This paper introduces a new mapping of QPSK signals, viewed as a vertices of a multi-dimensional hypercube, to improve the performance of bit-interleaved coded modulation with iterative decoding (BICM-ID) over a Rayleigh fading channel. The distance criterion to find the best mapping in terms of asymptotic performance is analytically derived. A general algorithm to construct the best mapping of a hypercube is then proposed. Numerical and simulation results show that the proposed mapping offers a significant coding gain over the conventional mappings of QPSK in a BICM-ID system. Such a coding gain is obtained without any bandwidth nor power expansion and with a small increase in the receiver complexity.
I. INTRODUCTION
Bit-interleaved coded-modulation with iterative decoding (BICM-ID) is a spectral efficiency coded modulation technique for both additive white Gaussian noise (AWGN) and fading channels. It has been shown that for fixed signal constellation, interleaver and error control code, signal mapping plays an important role in determining the error performance of a BICM-ID system. A substantial amount of work has been carried out to address this mapping problem [1] - [3] . For example, reference [2] shows that, while Gray mapping of QPSK is the best for BICM (where no iteration is implemented between the channel decoder and the demodulator), it is the anti-Gray mapping that is preferred for BICM-ID 1 . Other research studies signal mappings of higher-order constellations in either one or two-dimensional signal spaces (such as PAM, PSK and QAM). By considering many symbols over a multiple symbol interval, a larger constellation is effectively created. Such a larger constellation in a higher dimensional space offers a more flexibility for mapping design. The benefit provided by multi-dimensional constellations has also been known in the design of trellis coded modulation.
Motivated by the above observation, this paper studies signal mapping in a multi-dimensional constellation to improve the performance of BICM-ID. More specifically, the system employing multi-dimensional hypercube built from QPSK is considered. By evaluating the upper bound for the bit error rate (BER) of the system, a distance criterion is derived to find the best mapping in terms of asymptotic performance.
Based on this distance criterion, an algorithm to construct the best mapping is then proposed.
The paper is organized as follows. Section II briefly introduces the BICM-ID system employing hypercube constellation constructed from QPSK. In Section III, the upper bound on the BER performance of the system is then derived, from which a distance criterion is proposed to find the best mapping. The distance properties of a hypercube are studied in Section IV. Also presented in this section is the algorithm to construct the best mapping. Numerical and simulation results are provided in Section V to demonstrate the advantages of the proposed system. Finally, conclusions are draw in Section VI.
II. SYSTEM MODEL BICM-ID systems are based on the concatenation of a convolutional encoder, an interleaver and a M -ary modulator as shown in Fig. 1 . This paper considers a BICM-ID system that E  n  c  o  d  e  r  I  n  f  o  r  m  a  t  i  o  n  b  i  t  s  I  n  t  e  r  l  e  a  v  e  r   T  r  a  n  s  m  i  t  t  e  d  s  i  g  n  a  l   R  e  c  e  i  v  e  d  s  i  g  n  a  l   T  h  e  e  x  t  r  i  n  s  i  c  i  n  f  o  r  m  a  t  i  o  n  T  h  e   a  p  r  i  o  r employs QPSK modulation and a rate-1/2 convolutional code. This combination yields a spectral efficiency of 1 bit/s/Hz. Here, instead of mapping two coded bits to one QPSK symbol as in traditional systems, a group of 2n coded bits, n > 1, is mapped to n consecutive QPSK symbols. Since a QPSK constellation is built from two quadrature (orthogonal) carriers, there are 4 n distinct combinations of n QPSK symbols and they are the vertices of a 2n-dimensional hypercube (2n-cube). Obviously, using Gray or anti-Gray mapping for a QPSK constellation is just one special case of the above general 
where s i,j ∈ {±1}, 1 ≤ j ≤ 2n, and i = 1, . . . , 4 n . Equivalently,
where 
where 1 ≤ p ≤ n and i is the index of the transmitted vertices. In (3) w p is complex white Gaussian noise with independent components having two-side power spectral density N 0 /2, and the scalar g p is a Rayleigh random variable representing the fading amplitude of the pth QPSK symbol. It is assumed that the channel fades slowly so that the fading amplitude is constant during one QPSK symbol. Due to the presence of the interleaver and deinterleaver in a BICM system, the fading coefficients can be modeled as independent and identical distributed (i.i.d) Rayleigh random variables [4] . It is further assumed that perfect channel state information (CSI) is available at the receiver, i.e., g p can be perfectly estimated.
III. THE UPPER BOUND ON THE ERROR PERFORMANCE
To understand the error performance of the BICM-ID system described above, the upper bound of the bit error rate (BER) is derived next. In [4] , the union bound for BER of a BICM system, referred to as the BICM expurgated bound, was introduced. Thanks to the success of prior decoding steps, references [1] and [5] modify the BICM expurgated bound for a BICM-ID system by assuming the error free feedback. Using the same notations as in [4] , the union bound of the BER for a BICM-ID system employing a rate-k c /n c convolutional code is given by:
where c d is the total information weight of all error events at Hamming distance d and d min is the free Hamming distance of the code. The function f (d, ξ, Ψ) is the average pairwise probability, which depends on the Hamming distance d, the mapping scheme ξ and the constellation Ψ (in our case, Ψ is 2n-cube). Let c andc denote the binary input and estimate sequences with Hamming distance d. These binary sequences correspond to the sequences v andv, each consisting of d 2n-cube signals. The function f (d, ξ, Ψ) can be computed from the pairwise probability (PEP) P (v →v) by taking the average over all the possible sequences v andv with respect to the label positions and label mappings [4] . In what follows, the technique in [6] , [7] is applied to compute the PEP for the BICM-ID system under consideration. It should be mentioned that the results in [1] , [4] cannot be readily applied to BICM-ID systems employing a hypercube. This is due to the assumption that each QPSK symbol in a 2n-cube signal fades differently.
Without loss of generality, assume that c andc differ in the first d consecutive bits. Hence, v andv can be redefined as sequences of d 2n-cube signals as follows:
represents the Rayleigh fading coefficient corresponding to the pth QPSK symbol (y u,p ) in the uth transmitted vertices (v u ). Then the PEP conditioned on g can be computed as
Using the following Gaussian probability integral:
it can be shown that [6] , [7] :
where
and m = 2n is the number of coded bits that are mapped to one vertices in Ψ. Although (9) can be efficiently computed and it gives a very accurate approximation for the asymptotic performance (i.e., the error floor) of the system, it does not give an insight on how to design a good mapping for a given constellation. To understand the influence of the constellation mapping to the asymptotic behavior of the PEP, use the inequality Q √ 2γ < 1 2 exp(−γ) in (5) and take the average over g to obtain:
As before, taking the average over all the vertices s i = [q i,1 , . . . , q i,n ] and the corresponding vertices
where the distance parameter δ(ξ, Ψ) depends on the constellation and mapping and is given by
It is clear that above distance parameter characterizes the influence of the mapping to the asymptotic performance of a BICM-ID system. Specifically, the smaller this parameter is, the lower the bit error rate performance of the system becomes. In the next section, by studying the distance properties of a hypercube, an algorithm to construct the best mapping that minimizes δ(ξ, Ψ) shall be introduced. 
IV. THE BEST MAPPING OF A HYPERCUBE

A. Distance Properties of a Hypercube
Consider a m-dimensional hypercube (m-cube
Thus, to study the Euclidean distance properties of a cube, one may investigate the properties of the coordinate Hamming distance. There are totally 2 m vertices in a m-cube and the coordinate Hamming distance between any two vertices ranges from 0 to m. For any vertices s i , the coordinate Hamming distance is zero when compared to itself and it equals to m when compared to the vertices whose coordinates are the complements of that of s i . It is not difficult to show that for any vertices s i , the number of vertices with coordinate Hamming It should be emphasized that the above Hamming distance properties apply for any m-cube in general. Since this paper is concerned with a hypercube constructed from QPSK, m is always an even integer number (m = 2n).
B. An Algorithm to Construct the Best Mapping
When a m-cube is employed as a signal constellation in a BICM-ID system, each vertices s i represents a transmitted signal and it is labelled by m bits as follows:
where a i,k , 1 ≤ k ≤ m, is either 0 or 1. Note that while the Cartesian coordinates s i define the location of the transmitted signal in the Euclidean space (i.e., the actual waveform of the transmitted signal), the label a i of the signal point can be freely chosen and it is the main subject of this paper. In the following discussion, the label Hamming distance refers to the Hamming distance computed from the labels of two vertices. From (13), define the distance parameter δ(ξ, Ψ, s i ) that is associated with each vertices s i as follows:
Observe that q i,p − q j(i,k),p 2 can only takes a value in {0, 4, 8}. This observation together with the distance prop-erties of a hypercube implies the following inequality:
It then follows that
Note that the lower bound in (20) is independent of the mapping. This means that the mapping, if exists, that achieves the lower bound in (20) is the best mapping as far as minimizing δ(ξ, Ψ) is concerned. Furthermore, it is straightforward to see that the mapping that achieves the bound in (20) must satisfy the following condition. To prove the existence of a mapping that satisfies the above condition, an explicit procedure to construct the desired mapping is given below.
The Algorithm to Construct the Best Mapping for m-Cube: The justification of the above algorithm can be found in [8] . An example for the best mapping of a 4-dimensional hypercube is shown in Table I . It can be verified from Table I that the coordinate Hamming distances between any two vertices whose labels differ in the first bit, the second bit, the third bit and the forth bit are 4, 3, 3 and 3, respectively. These Hamming distances correspond to the squared Euclidean distances of 16, 12, 12 and 12, respectively.
V. SIMULATION AND NUMERICAL RESULTS
This section provides the simulation results to confirm the advantage of the BICM-ID systems that employ the hypercube constellation together with the best mapping. A very simple rate-1/2, 4-state convolutional code with the generator sequences g 1 = 5 and g 2 = 7 is used. The bit-wise interleaver with a length of 12, 000 coded bits is designed according to the rules outlined in [1] . Each point in the BER curves is obtained by simulating 10 7 to 10 8 coded bits. Figure 2 presents the performance of a BICM-ID system with the best mapping of 4-D hypercube over a Rayleigh fading channel. More specifically, shown in the figure are the BER performance after 1, 5, 9 and 12 iterations. For comparison, the performance of the system using the antiGray mapping of QPSK after 12 iterations is also plotted 3 . Furthermore, the error floor bounds calculated from (4) and (9) for different mappings are also provided. In calculating (4), the summation is truncated using the first 20 terms. It can be seen from Fig. 2 that, the simulation results converge to the error floor bound for the best mapping in the range of the BER of interest (around 10 −5 to 10 −6 ). For anti-Gray mapping, the error floor bound underestimates the actual BER. This is merely due to the poor performance of the anti-Gray mapping in the range of the signal-to-noise (SNR) 
VI. CONCLUSIONS
This paper studies mappings on a multi-dimensional hypercube to improve the BER performance of BICM-ID systems employing QPSK. A general and simple algorithm to construct the best mapping of a hypercube was proposed. More specifically, it was demonstrated that, by employing the proposed mapping in a 4-dimensional hypercube, a significant coding gain can be achieved over the conventional anti-Gray mapping of QPSK for a BICM-ID system signalling over a Rayleigh fading channel. Such a coding gain is obtained with a very small increase in the receiver complexity. The proposed mapping technique is also applicable to BICM-ID systems employing other higher-order constellations as well as to different channel models.
